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$F:[0,1]arrow[0,1]$ piecewise linear expanding
$\xi=\lim_{narrow}\inf_{\infty}\frac{1}{n}ess\inf_{x\in[0,1]}$ log $|F^{n\prime}(x)|>0$
, topologically transitive . , Lebesgue
invariant probability measure $\mu$ ,
$([0,1], \mu, F)$ mixing .
$L^{1}$ Perron-Frobenius
$Pf(x)= \sum_{y:F(y)=x}f(y)|F’(y)|^{-1}$
(cf. for example [5, 6]). , Perron-
IFNrobenius operator compact ,
.
, Ruelle dynamical $\zeta$ function
$\zeta(z)=\exp[\sum_{n=1}^{\infty}\frac{z^{n}}{n}\sum_{p:F^{n}(p)=p}$ I $F^{n\prime}(p)|^{-1}]$




piecewise linear $F:[0,1]arrow[0,1]$ ,
1. $\mathcal{A}$ $\{\langle a\rangle\}_{a\in A}$ $[0,1]$ , $F’$
$\langle a\rangle(a\in A)$ $\eta_{a}^{-1}$ .
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2. $x\in[0,1]$ $a_{1}^{x}a_{2}^{x}\cdots(a_{i}^{x}\in \mathcal{A})$ $F^{i-1}(x)\in\langle a_{i}^{x}\rangle$
, $F$ $A^{N}$ $X$ shift $\theta$ .
3. $F$ Markov , $F(\langle a\rangle)\cap\langle b$) $\neq\emptyset$ $F(\langle a\rangle)$ $\langle b\rangle$ .
. , $\mathcal{A}x\mathcal{A}$
$M_{a,b}=\{\begin{array}{ll}1 F(\langle a\rangle)\cap\langle b\rangle \text{ } \neq\emptyset,0 \text{ },\end{array}$
, $X=\{a_{1}a_{2}\cdots\in \mathcal{A}^{N} : M_{aa:+1}:,=1\}$ .
4. $\alpha=a_{1}a_{2}\cdots$ , $x\in[0,1]$ $\alpha$
, $\alpha$ .
5. word $w=a_{1}\cdots a_{n}$ $x\in[0,1]$
$\langle w\rangle$ $=$ $\bigcap_{i=1}^{n}F^{-i+1}(\langle a_{i}\rangle)$ ,
$wx$ $=$ $a_{1}\cdots a_{n}a_{1}^{x}a_{2}^{x}\cdots$ ,
$\eta_{w}$ $=$ $\prod_{i=1}^{n}\eta_{a_{i}}$ ,




$g\in L^{\infty},$ $J\subset[0,1]$ ,
$s_{g}^{J}(z)= \sum_{n=0}^{\infty}z^{n}\int_{J}g(F^{n}x)dx$
. Perron-Frobenius






$\Phi(z)_{a,b}$ $=$ $\{\begin{array}{ll}z\eta_{a} F(\langle a\rangle)\cap\langle b\rangle \text{ } \neq\emptyset,0 \text{ },\end{array}$
$s_{g}(z)$ $=$ $(s_{g}^{\langle a\rangle}(z))_{a\in A}$ ,
,
$s_{g}^{J}(z)= \int_{J}g(x)dx+\sum_{n=1}^{\infty}z^{n}\int_{J}g(F^{n}x)dx$
, $n$ $n-1,$ $F(x)$ $x$ ,
$s_{9}(z)=( \int_{(a\rangle}g(x)dx)_{a\in A}+\Phi(z)s_{g}(z)$
$s_{9}(z)=(I- \Phi(z))^{-1}(\int_{(a\rangle}g(x)dx)_{a\in A}$
. $s_{9}(z)$ , $P$
, $\det(I-\Phi(z))=0$ .




. , renewal equation
, . renewal





$\det(I-\Phi(z))$ YYedholm determinant , $\Phi(z)$
IFMredholm Matrix .
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Pewon-Frobenius 1 1 $- \frac{2}{3+\sqrt{5}}$ , $|z| \leq\frac{\sqrt{5}-1}{2}$
$z$ . , 1 .
, , decay rate of comlation $\frac{\sqrt{5}-1}{2}$
.
, , $\Phi(z)$ $z=1$
. , $\int_{J}g(F^{n}(x))dx$ $|J| \cross\int gd\mu$ .
$|J|$ $J$ .
$\lim_{z\uparrow 1}(1-z)s_{g}(z)=(|\langle a\rangle|\int gd\mu)_{a\in A}$
$\lim_{z\uparrow 1}(1-z)s_{9}(z)=\lim_{z\uparrow 1}(1-z)(I-\Phi(z))^{-1}(\int_{\langle a\rangle}gdx)_{a\in A}$
.
1.3 Signed Symbolic Dynamics
pieCeWiSe linear .
$J$ , $( \sup J)^{+}$ $( \inf J)^{-}$ $J^{+}(J^{-})$ .
$\langle a\rangle^{+}$ $\langle a\rangle^{-}$ $a^{+},$ $a^{-}$ $\overline{A}=\{a^{\sigma}\}_{a\in A,\sigma=+,-}$ .
.
$x<\sigma y$ $=$ $\{\begin{array}{ll}x<y if \sigma=+,x>y if \sigma=-,\end{array}$
$\sigma(y^{\sigma},x)$ $=$ $\{\begin{array}{ll}+\frac{1}{2} y^{\sigma}>_{\sigma}x, or y^{\sigma}=x if y^{\sigma}\in\langle a_{1}^{y}\rangle,-\frac{1}{2} otherwise,\end{array}$
$\epsilon(\theta^{n}y^{\sigma})$ $=$ $\sigma$ , $(n\geq 0)$
$\delta[L]$ $=$ $\{\begin{array}{ll}1 L is true,0 otherwise\end{array}$
. $\alpha=\alpha_{1}\alpha_{2}\cdots(\alpha_{n}\in \mathcal{A})$ $y\in[0,1]$ , $\sigma=+$ –
, $\tilde{\alpha}=y^{\sigma}$
$s^{\tilde{\alpha}}(z,x)= \sigma(\tilde{\alpha},x)+\sum_{n=1}^{\infty}z^{n}\sum_{|w|=n}\eta_{w}\delta[w[1]=\tilde{\alpha}_{1}, \exists\theta wx]\sigma(\tilde{\alpha},wx)$
, $J\subset\langle a\rangle(a\in A)$
$s^{J}(z,x)= \sum_{\sigma=+,-}s^{J^{\sigma}}(z,x)$ $a.e.x$ (1)
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. renewal equation , ,
Markov , . ,
$s^{j+}(z, x)$ $s^{J^{-}}(z,x)$ renewal
equation . (1) Perron-Frobenius
. ,
1. $\chi^{\tilde{\alpha}}(z,x)=\sum_{n=0}^{\infty}z^{n}\eta_{\tilde{\alpha}_{1}\cdots\overline{\alpha}_{n}}\sigma(\theta^{n}\tilde{\alpha},x)$,
2. $\phi(\tilde{\alpha},\tilde{b})=\{\begin{array}{ll}\text{ } \frac{1}{2} \tilde{b}\leq(\tilde{\alpha}_{2}\rangle^{-},-\frac{1}{2} \tilde{b}>\langle\tilde{\alpha}_{2}\rangle^{-},\end{array}$
3. $\Phi(z)_{\overline{\alpha},\tilde{b}}=\epsilon(\tilde{\alpha})\sum_{n=1}^{\infty}z^{n}sgn(\tilde{\alpha}_{1}\cdots\tilde{\alpha}_{n})\eta_{\tilde{\alpha}_{1}\cdots\overline{\alpha}_{n}}\phi(\theta^{n-1}\tilde{\alpha},\tilde{b})$ .
$s_{g}(z)$ $=$ $(s_{9}^{a^{\sigma}}(z))_{a\in A,\sigma=+,-}$ ,
$\chi_{g}(\sim)$ $=$ $(\chi_{g}^{a^{\sigma}}(z))_{a\in A,\tau--+,-}$ ,
, Markov renewal equation
$s_{g}(z)=(I-\Phi(z))^{-1}\chi_{g}(z)$
. det(I $-\Phi(z)$ ) $= \frac{1}{\zeta(z)}$ $0$ , $|z|>e^{-\xi}$ Perron-
Frobenius ([7, 8]).








. $P_{\alpha}$ Hausdorff , $P_{h}$ ([16])
large deviation .
2.1 Hausdoff Dimension
2 piecenise linear Markov .
Cantor 1
$C=\{x\in I:F^{n}(x)\in\langle a)\cup\langle c\rangle\}$
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. Markov , 1
\langle $b$) Markov .
$\Phi_{\alpha}(z)=(\begin{array}{ll}z\eta_{a}^{\alpha} z\eta_{a}^{\alpha}z\eta_{b}^{\alpha} 0\end{array})$
$n$




. $\alpha_{0}$ $\det(I-\Phi_{\alpha}(1))=0$ . $\Phi_{\alpha 0}(1)$
1 $(\begin{array}{l}l_{a}l_{c}\end{array})$ 1 $G$
. $G$ $F|c$ .
$\mu$ Hausdorff $dinz_{\mu}$ $C$ $\delta$
$\sum_{w}(\mu(\langle w\rangle))^{\alpha}$ , $\delta\downarrow 0$ , Hausdorff
. .
1(Billingsley ([2])) 2 $\mu_{1},\mu_{2}$









Koch Curve Sierpinskii Gasket
2: 2
.




IFYedholm Matrix $\Phi_{\alpha}(z)$ .
$\det(I-\Phi_{\alpha}(1))=0$
$\alpha_{0}$ Hausdof , Markov
$\Phi_{\alpha_{0}}(1)$ 1 1




2 , 3 , ,
([9, 10, 12]).
2 . Koch ADE
, Sierpinskii gasket DEF .
Koch ACD A ABC ,
, AEB A ABC . Sienpinskii
gasket CDE $C$ , EDF
$E$ , AEF A
.
ABC Cantor




$h\in L^{\infty}$ , $F$ $S_{n}h(x)= \sum_{k=0}^{n-1}h(F^{k}(x))$
.
$\sum_{n=0}^{\infty}z^{n}m\{x\in J:A\leq\frac{1}{n}S_{n}h(x)\leq B\}$
. $\frac{1}{n}S_{n}h(x)$ $\int hd\mu$ ( $\mu$ )
. large deviation $A$ $B$ $\int hd\mu$ ,
$m \{x\in J:A\leq\frac{1}{n}S_{n}h(x)\leq B\}$ $0$ .
, .





$= \sum_{n=0}^{\infty}z^{n}\frac{1}{2\pi i}\lim_{Tarrow\infty}\int_{-T}^{T}\frac{e^{-itnA}-e^{-itnB}}{t}\int P_{th}^{n}1_{J}(x)$dxdt
Perron-Frobenius .
$\sum_{n=0}^{\infty}z^{n}m\{x\in J:A\leq\frac{1}{n}S_{n}h(x)\leq B\}$
$= \int dx\frac{1}{2\pi i}\lim_{Tarrow\infty}\int_{-T}^{T}\frac{dt}{t}\ovalbox{\tt\small REJECT}(I-zP_{th_{A}})^{-1}1_{J}-(I-zP_{th_{B}})^{-1}1_{J})(x)$
. $h_{A}(x)=h(x)-A$ .






$\Phi_{h}(z)_{a,b}$ $=$ $\{\begin{array}{ll}z\eta_{a}e^{ih(a)} if F(\langle a\rangle)\supset\langle b\rangle,0 otherwise,\end{array}$
$s_{h}(z,x)$ $=$ $(s_{h}^{\langle a\rangle}(z,x))_{a\in A}$





$= \frac{1}{2\pi i}\sum_{a\in A}\lim_{Tarrow\infty}\int_{-T}^{T}\frac{dt}{t}\int\{s_{th_{A}}^{(a\rangle}(z,x)-s_{th_{B}}^{(a\rangle}(z,x)\}dx$
$\frac{1}{2\pi i}\sum_{a\in A}\lim_{Tarrow\infty}\int_{-T}^{T}\frac{dt}{t}\int s_{th}^{(a\rangle}(z,x)dx$
$= \frac{1}{2\pi i}\lim_{Tarrow\infty}\int_{-T}^{T}\frac{dt}{t}(1, \ldots, 1)(I-\Phi_{th}(z))^{-1}(|\langle a\rangle|)_{a\in A}$
perturbed Fredholm matrix $\Phi_{h}(z)$ .
Bernoulli . $F$ Bernoulli, $F(\langle a\rangle)$
$[0,1]$ . , perturbed Fredholm matrix
$\Phi_{h}(z)_{a,b}=z\eta_{a}e^{ih(a)}$
, $(1, \ldots, 1)$ 1 ,
$\det(I-\Phi_{h}(z))$ $=$ 1- $\sum_{a\in A}z\eta_{a}e^{ih_{o}}=1-z\int e^{ih(x)}d\mu$
$\sum_{n=0}^{\infty}z^{n}m\{x:A<\frac{1}{n}S_{n}h(x)<B\}$
$= \frac{1}{2\pi i}\lim_{Tarrow\infty}\int_{-T}^{T}\frac{dt}{t}(\frac{1}{1-z\int e^{ith_{A}}d\mu}-\frac{1}{1-z\int e^{uh_{B}}d\mu})$




, $h=h_{A}$ $h=h_{B}$ .
$t=t0=t_{A}(z_{0})$ $z0\in \mathbb{R}$ $\frac{\phi(z)}{z-zo}$ .






$\frac{d}{dt}\int e^{ith_{A}}d\mu|_{t=to}=0$ , $\frac{\partial}{\partial t}\det(I-\Phi_{th}(z))=0$
. $\int e^{sh_{A}}d\mu$ $s_{A}$
. , $z \int e^{it(z)h_{A}}d\mu=1$ $1=z_{0} \int e^{it(z_{O})h_{A}}d\mu=z_{0}\int e^{\epsilon_{A}h_{A}}d\mu$
$z_{0}=( \int e^{s_{4}h_{A}}d\mu)^{-1}$
. Cramer . 3 Bernoulli
$(s, z)$ . $z$ large devi-
ation .
$s$
3: $\eta_{a}=\frac{1}{4},$ $\eta_{b}=\frac{3}{4},$ $h_{A}(a)=1,$ $h_{A}(b)=-1$
2 (Cramer) $\{X_{n}\}_{n=1}^{\infty}$ . $a>E(X_{1})$
$\lim_{narrow\infty}\frac{1}{n}$ log $P \{S_{n}\geq an\}=-\sup_{t\in R}(at-\log(E[e^{tX_{1}}]))$
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Markov .
$F(x)=\{\begin{array}{ll}\eta_{a}^{-1_{X}} x\in\langle a\rangle,\eta_{c}^{-1}(x-\eta_{a}) x\in\langle b\rangle,\end{array}$
, $F(\langle a\rangle)=\langle a\rangle\cup\langle b$), $F(\langle b\rangle)=\langle a\rangle$ . , $\eta_{a}+\eta_{a}\eta_{b}=1$
.




. $\det(I-\Phi_{ish}(z))=0$ , $z=z(s)$
. 4 2 , $z>0$ 1




4: $\eta_{a}=\eta_{b}=\frac{-1+\sqrt{5}}{2},$ $h_{A}(a)=2,$ $h_{A}(b)=-3$
, $\det(I-\Phi_{i\epsilon h}(z))=0$ , $z=z(s)$.
.
, ,
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